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ON RELATIONS BETWEEN WEAK AND RESTRICTED WEAK
TYPE INEQUALITIES FOR MAXIMAL OPERATORS ON
NON-DOUBLING METRIC MEASURE SPACES
DARIUSZ KOSZ
Abstract. In this article we study a special class of non-doubling metric measure spaces
for which there is a significant difference between the incidence of weak and restricted
weak type (p, p) inequalities for the centered and non-centered Hardy–Littlewood maxi-
mal operators, M c and M . As a corollary we extend the result obtained in [2].
1. Introduction
Consider a metric measure space X = (X, ρ, µ) where ρ is a metric and µ is a Borel
measure such that the measure of each ball is finite and strictly positive. By B(x, r)
we denote the open ball centered at x ∈ X with radius r > 0. If we do not specify
the center point and radius we write simply B. According to this the Hardy–Littlewood
maximal operators, centered M c and non-centered M , are defined respectively by
M cf(x) = sup
r>0
1
µ(B(x, r))
∫
B(x,r)
|f |dµ, x ∈ X,
and
Mf(x) = sup
B∋x
1
µ(B)
∫
B
|f |dµ, x ∈ X.
Recall that an operator T is said to be of strong type (p, p) for some p ∈ [1,∞] if T
is bounded on Lp = Lp(X) which means that ‖Tf‖p . ‖f‖p holds uniformly in f ∈ L
p.
Similarly, T is of weak type (p, p) if T is bounded from Lp to Lp,∞ = Lp,∞(X) which means
that
(1) λpµ({x : |Tf(x)| > λ}) . ‖f‖p
holds uniformly in f ∈ Lp and λ > 0 (we use the convention that L∞,∞ = L∞). Finally,
T is of restricted weak type if T is bounded from Lp,1 to Lp,∞ which in the case p > 1 is
equivalent to the statement that (1) holds uniformly in f = χE , µ(E) < ∞, and λ > 0
(see [1], Theorem 5.3, p. 231, for example). It is easy to check that being of strong type
(p, p) implies being of weak type (p, p) which in turn implies being of restricted weak type
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(p, p). Here and anywhere else in this paper the notation A1 . A2 is used to indicate that
A1 ≤ CA2 with a positive constant C independent of significant quantities.
When dealing with some metric measure space it is usually an important issue to study
the mapping properties of the associated maximal operators. First of all, M c and M are
trivially of strong type (∞,∞) in case of any metric measure space. It is also a well
known fact that if the measure is doubling, that is µ(B(x, 2r)) . µ(B(x, r)) uniformly
in x ∈ X and r > 0, then they are both of weak type (1, 1). However, this statement
is not true for metric measure spaces in general. The next important thing is that the
Marcinkiewicz interpolation theorem can be applied for maximal operators in such a way
that if M c (equivalently M) is of weak or strong type (p0, p0) for some p0 ∈ [1,∞), then
it is of strong (and hence weak) type (p, p) for every p > p0. For example, through the
interpolation we can deduce that M c and M are of strong type (p, p) for every p ∈ (1,∞]
in the case of a doubling space. On the other side there are examples of spaces for which
maximal operators are of strong type (p, p) for every p ∈ (1,∞] while they are not of weak
type (1, 1). Moreover, there are even examples of spaces for which the associated operators
M c and M are not of weak (and hence strong) type (p, p) for every p ∈ [1,∞). All these
observations persuade us to describe what we can say about the possible existence of the
weak or strong type (p, p) inequalities for M c and M in general.
The program of searching spaces with specific mapping properties of the associated
maximal operators was greatly contributed by H.-Q. Li. By considering a class of the
cusp spaces, he proved several interesting theorems related to this issue (see [3], [4] and
[5]). Lately, the results of H.-Q. Li were extended in [2], where the author characterized
all possible configurations of the sets of p for which the weak and strong type (p, p)
inequalities for maximal operators, both M c and M , hold. Nevertheless, it is worth
noting that all previous works dealing with the mapping properties of maximal operators
focused only on weak or strong type (p, p) estimates. The well known fact is that the
Marcinkiewicz theorem has a stronger version and to use the interpolation one needs only
to show that the maximal operator is of restricted weak type (p0, p0) for some p0 ∈ [1,∞)
(see [6], Theorem 3.15, p. 197, for example). Therefore, a natural step to extend the
result obtained in [2] is to take into account the restricted weak type inequalities in order
to relate them to the weak and strong type inequalities and this is what we do in this
article.
2. Main result
Let X be a fixed metric measure space. We denote by P cs , P
c
w and P
c
r the sets consisting
of such p ∈ [1,∞] for which the associated operator M c is of strong, weak, or restricted
weak type (p, p), respectively. Similarly, let Ps, Pw and Pr consist of such p ∈ [1,∞] for
which M is of strong, weak, or restricted weak type (p, p), respectively. Then
(i) each of the six sets is of the form {∞}, [p0,∞] or (p0,∞], for some p0 ∈ [1,∞),
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(ii) we have the following inclusions
Ps ⊂ P
c
s , Pw ⊂ P
c
w, Pr ⊂ P
c
r , P
c
s ⊂ P
c
w ⊂ P
c
r ⊂ P
c
s , Ps ⊂ Pw ⊂ Pr ⊂ Ps,
where E denotes the closure of E in the usual topology of R ∪ {∞},
(iii) since being of restricted weak and weak type (1, 1) is the same, the following
implications hold
P cr = [1,∞] =⇒ P
c
w = [1,∞], Pr = [1,∞] =⇒ Pw = [1,∞].
Our intention is to show that (i), (ii) and (iii) are the only necessary conditions that
the six sets considered above must satisfy. Namely, we will prove the following.
Theorem 1. Let P cs , P
c
w, P
c
r , Ps, Pw and Pr be such that the conditions (i), (ii) and (iii)
hold. Then there exists a (non-doubling) metric measure space for which the associated
Hardy–Littlewood maximal operators, centered M c and non-centered M , satisfy
• M c is of strong type (p, p) if and only if p ∈ P cs ,
• M c is of weak type (p, p) if and only if p ∈ P cw,
• M c is of restricted weak type (p, p) if and only if p ∈ P cr ,
• M is of strong type (p, p) if and only if p ∈ Ps,
• M is of weak type (p, p) if and only if p ∈ Pw,
• M is of restricted weak type (p, p) if and only if p ∈ Pr.
To prove Theorem 1 we use the technique introduced in [2], where some specific metric
measure spaces, namely the first and second generation spaces, were considered. Let us
remark several facts relating to these objects:
(a) for each space of first generation the equalities P cs = Ps and P
c
w = Pw hold,
(b) for each space of second generation P cs = P
c
w = [1,∞], while Ps (and possibly Pw)
is a proper subset of [1,∞],
(c) by a suitable mixing of first and second generation spaces we receive a class of
spaces characterizing all possible relations between the sets P cs , P
c
w, Ps and Pw,
(d) all spaces obtained in such a way in [2] satisfy P cw = P
c
r and Pw = Pr, since the
Dirac deltas were used whenever it was shown that the associated M c or M is not
of weak type (p, p) for some p ∈ [1,∞].
In this paper we describe other specific spaces, some of which we add to the first generation
spaces, and some to the second generation spaces. In particular, we are focused on spaces
for which at least one of the equalities P cw = P
c
r and Pw = Pr does not occur. For the
extended classes of the first and second generation spaces we have the following:
(a′) for each space of first generation P cs = Ps, P
c
w = Pw and P
c
r = Pr hold,
(b′) for each space of second generation P cs = P
c
w = P
c
r = [1,∞], while Ps (and possibly
Pw and Pr) is a proper subset of [1,∞],
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(c′) by a suitable mixing of first and second generation spaces we receive a class of
spaces characterizing all possible relations between the sets P cs , P
c
w, P
c
r , Ps, Pw
and Pr.
It is worth noting here that the construction of the first and second generation spaces
was largely inspired by the work of Stempak, who considered in [7] some specific spaces
in the context of modified Hardy–Littlewood maximal operators. The proof of Theorem
1 is located in Section 5.
3. First generation spaces
First we construct some metric measure spaces (we add them to the class of the first
generation spaces defined in [2]) for which P cw = Pw = (p0,∞] while P
c
r = Pr = [p0,∞]
for any fixed p0 ∈ (1,∞). Note that these conditions imply P
c
s = Ps = (p0,∞]. We begin
with an overview of such spaces and then, after choosing p0, we pass to the details.
Let τ = (τn,i)n∈N, i=1,...,n be a fixed system of positive integers satisfying
τn,i
2i−1
∈ N. Define
Xτ = {xn,i,j, x
′
n,i,k : n ∈ N, i = 1, . . . , n, j = 1, . . . , 2
i−1, k = 1, . . . , τn,i},
where all elements xn,i,j, x
′
n,i,k are pairwise different. We use some auxiliary symbols for
certain subsets of Xτ : for n ∈ N,
Sn = {xn,i,j, x
′
n,i,k : i = 1, . . . , n, j = 1, . . . , 2
i−1, k = 1, . . . , τn,i},
S ′n = {x
′
n,i,k : i = 1, . . . , n, k = 1, . . . , τn,i},
for n ∈ N, i = 1, . . . , n,
S ′n,i = {x
′
n,i,k : k = 1, . . . , τn,i},
and for n ∈ N, 1 ≤ i ≤ i′ ≤ n, j = 1, . . . , 2i−1,
S ′n,i′,i,j = {x
′
n,i′,k : k ∈ (
j − 1
2i−1
τn,i′,
j
2i−1
τn,i′]}.
Observe that the sets S ′n,i′,i,j, j = 1, . . . 2
i−1, are pairwise disjoint, each of them contains
exactly
τn,i′
2i−1
elements and
⋃2i−1
j=1 S
′
n,i′,i,j = S
′
n,i′. Moreover, for any 1 ≤ i1 ≤ i2 ≤ i
′ ≤ n,
n ∈ N, and jl ≤ 2
il−1, l = 1, 2, we have either S ′n,i′,i2,j2 ⊂ S
′
n,i′,i1,j1
or S ′n,i′,i1,j1∩S
′
n,i′,i2,j2
= ∅.
We define the metric ρ = ρτ on Xτ determining the distance between two different
elements x and y by the formula
ρ(x, y) =
{
1 if {x, y} = {xn,i,j, x
′
n,i′,k} and x
′
n,i′,k ∈ S
′
n,i′,i,j,
2 in the other case.
Figure 1 shows a model of the space (Xτ , ρ). The solid line between two points indicates
that the distance between them equals 1. Otherwise the distance equals 2.
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x1,1,1
x′1,1,1 x
′
1,1,τ1,1
...
x2,1,1
x′2,1,1 x
′
2,1,τ2,1
...
x2,2,1
x′2,2,1 x
′
2,2,τ2,2/2
...
x2,2,2
x′2,2,τ2,2/2+1 x
′
2,2,τ2,2
...
...
Figure 1.
Note that we can explicitly describe any ball: for n ∈ N, i = 1, . . . , n, j = 1, . . . , 2i−1,
B(xn,i,j, r) =


{xn,i,j} for 0 < r ≤ 1,
{xn,i,j} ∪
⋃
i′≥i Sn,i′,i,j for 1 < r ≤ 2,
Xτ for 2 < r,
and for n ∈ N, i′ = 1, . . . , n, k = 1, . . . , τn,i,
B(x′n,i′,k, r) =


{x′n,i′,k} for 0 < r ≤ 1,
{x′n,i′,k} ∪ {xn,i,j : x
′
n,i′,k ∈ Sn,i′,i,j} for 1 < r ≤ 2,
Xτ for 2 < r.
We define the measure µ = µτ,F,m on Xτ by letting µ({xn,i,j}) = dnF (n, i) and
µ({x′n,i,k}) = dnmni, where 0 < F ≤ 1 is a given function, m = (mn)n∈N is a sequence
satisfying mn ≥ 2
n and, finally, d = (dn)n∈N is a sequence with d1 = 1 and dn chosen
(uniquely for fixed F and m) in such a way that µ(Sn) = µ(Sn−1)/2, n ≥ 2 (this implies
µ(Xτ ) < ∞). Moreover, observe that µ is non-doubling. From now on we write simply
|E| instead of µ(E) for E ⊂ Xτ . The reader should not have any difficulties in identifying
when the symbol | · | refers to the measure and when it denotes the absolute value sign.
For a function f on Xτ the Hardy–Littlewood maximal operators, the centered one,
M c, and the non-centered one, M , are given by
M cf(x) = sup
r>0
1
|B(x, r)|
∑
y∈B(x,r)
|f(y)| · |{y}|, x ∈ Xτ ,
and
Mf(x) = sup
B∋x
1
|B|
∑
y∈B
|f(y)| · |{y}|, x ∈ Xτ ,
respectively. In this setting M is of weak type (p, p) for some 1 < p < ∞ if ‖Mf‖p,∞ .
‖f‖p uniformly in f ∈ ℓ
p(Xτ , µ), where ‖g‖p =
(∑
x∈Xτ
|g(x)|p|{x}|
)1/p
, ‖g‖p,∞ =
supλ>0 λ|Eλ(g)|
1/p, and Eλ(g) = {x ∈ Xτ : |g(x)| > λ}. In turn, M is of restricted
weak type (p, p) for some 1 < p <∞, if ‖MχE‖p,∞ . ‖χE‖p holds uniformly in E ⊂ Xτ ,
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where χE is the characteristic function of E. Moreover, we introduce the symbol AE(f)
as the average value of a given function f ≥ 0 on a set E ⊂ Xτ , namely
AE(f) =
1
|E|
∑
x∈E
f(x)|{x}|.
Analogous definitions and comments apply to M c instead of M and then to both M and
M c in the context of the space (Yτ , µ) in Section 4. We are ready to describe some of the
first generation spaces in detail.
Fix p0 ∈ (1,∞) and consider Xp0 = (Xτ , ρ, µ), with a construction based on mn =
mn(p0), τn,i = τn,i(p0) and F (n, i) = Fp0(n, i), defined as follows. Let (ai)i∈N be a sequence
satisfying a1 = 1 and ai = i
p0 − (i− 1)p0 for i ≥ 2. For i = 1, . . . , n, n ∈ N, define
F (n, i) = 2(i−n)/(p0−1), τn,i = ⌊ai⌋ 2
2n⌊p0⌋n!/i, mn = 2
(2n⌊p0⌋−n)/(p0−1)(n!)1/(p0−1).
Observe that
τn,i
2i−1
∈ N and τn,i i/m
p0−1
n = 2
n ⌊ai⌋. Moreover, we have |{x}| ≥ dnmn ≥
dn2
n ≥ |Sn \ S
′
n| for any x ∈ S
′
n.
Proposition 2. Fix p0 ∈ (1,∞) and let Xp0 be the metric measure space defined above.
Then the associated maximal operators, centered M c and non-centered M , are not of weak
type (p0, p0), but are of restricted weak type (p0, p0).
Proof. It suffices to prove that M c fails to be of weak type (p0, p0) and M is of restricted
weak type (p0, p0). First we show that M
c is not of weak type (p0, p0). Indeed, let
fn =
∑n
i=1
∑2i−1
j=1 2
(n−i)/(p0−1)δxn,i,j , n ≥ 1. Then ‖fn‖
p0
p0 =
∑n
i=1 2
i−1 2n−idn = 2
n−1ndn
and
M cfn(x
′
n,i′,k) ≥ AB(x′
n,i′,k
,3/2)(fn) ≥
i′dn
2|{x′n,i′,k}|
=
1
2mn
,
for any x′n,i′,k ∈ S
′
n. This implies that |E1/(4mn)(M
cfn)| ≥ |S
′
n| and hence
lim sup
n→∞
‖M cfn‖
p0
p0,∞
‖fn‖
p0
p0
≥ lim
n→∞
∑n
i=1 τn,i i dnmn
dn n 2n−1 (4mn)p0
= 21−2p0 lim
n→∞
∑n
i=1 τn,i i
nmp0−1n 2n
= 21−2p0 lim
n→∞
∑n
i=1 ⌊ai⌋
n
≥ 2−2p0 lim
n→∞
np0−1 =∞.
In the next step we show that M is of restricted weak type (p0, p0). First observe
that for any characteristic function g if λ < AXτ (g), then using Ho¨lder’s inequality, we
obtain λp0 |Eλ(Mf)| ≤ AXτ (g)
p0|Xτ | ≤ ‖g‖
p0
p0
. On the other side, with the assumption
λ ≥ AXτ (g), if for some x ∈ Sn we have Mg(x) > λ, then any ball B containing x and
realizing AB(g) > λ must be a subset of Sn. This allows us to study the behaviour of g
and Mg on each Sn separately. Namely, all that we need is to show that
(2) λp0|Eλ(MχU )| . ‖χU‖
p0
p0
uniformly in λ > 0, ∅ 6= U ⊂ Sn, n ∈ N. Fix n ∈ N and let f = χU for some U ⊂ Sn.
Write f = χU ′ +
∑
x∈U\U ′ δx, where U
′ = U ∩ S ′n. See that any ball Br with Br ∩ Sn 6= ∅
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and r < 2 is a subset of Sn and for a fixed i ∈ {1, . . . , n} it contains at most one of the
points {xn,i,j : j = 1, . . . , 2
i−1}. This implies that
Mf(x0) ≤ max{AXτ (f), 2MχU ′(x0), 2C max
x∈U\U ′
{Mδx(x0)}},
with C =
∑∞
i=0 2
−i(p0−1). Therefore it suffices to show that (2) holds uniformly in λ > 0
(and n ∈ N) for U ⊂ S ′n and U = {x} ⊂ Sn \ S
′
n.
First consider λ > 0 and f = χU , where U ⊂ S
′
n. Without any loss of generality we
can assume that AXτ (f) ≤ λ < 1. Therefore Eλ(Mf) ⊂ Sn and since Eλ(Mf) ∩ S
′
n 6= ∅
we have |Eλ(Mf)| ≤ 2|Eλ(Mf) ∩ S
′
n|. Consider two different balls, B1 and B2, both
contained in Sn, and denote B
′
l = Bl ∩ S
′
n, l = 1, 2. Then we have one of the three
possibilities: B′1 ⊂ B
′
2, B
′
2 ⊂ B
′
1 or B
′
1 ∩ B
′
2 = ∅. Combining this observation with the
fact that f(x) = 0 for x /∈ S ′n, we obtain AEλ(Mf)∩S′n(f) > λ and hence
λp0|Eλ(Mf)| < 2AEλ(Mf)∩S′n(f)
p0 |Eλ(Mf) ∩ S
′
n| ≤ 2‖f‖
p0
p0
.
Finally, consider λ > 0 and δxn,i,j for some fixed xn,i,j ∈ Sn \ S
′
n. We may assume
that AXτ (δxn,i,j ) ≤ λ < 1. If Eλ(Mδxn,i,j ) ∩ S
′
n = ∅ then Eλ(Mδxn,i,j ) = {xn,i,j} and
λp0|Eλ(Mδxn,i,j )| ≤ ‖δxn,i,j‖
p0
p0
holds trivially. Otherwise, if Eλ(Mδxn,i,j ) ∩ S
′
n 6= ∅, then
|Eλ(Mδxn,i,j )| ≤ 2|Eλ(Mδxn,i,j ) ∩ S
′
n|. For any x
′
n,i′,k ∈ S
′
n,i′,i,j we have the estimate
Mδxn,i,j (x
′
n,i′,k) = AB(x′
n,i′,k
,3/2)(δxn,i,j ) ≤
2(i−n)/(p0−1)
mn i′
,
while Mδxn,i,j (x) = AXτ (δxn,i,j ) for x ∈ S
′
n \
⋃n
i′=i S
′
n,i′,i,j. For any i
′ ∈ {i, . . . , n} we obtain
(2(i−n)/(p0−1)
mn i′
)p0 i′∑
l=i
|S ′n,l,i,j| =
2(i−n)p0/(p0−1)
(mn i′)p0
i′∑
l=i
|S ′n,l|
2i−1
=
2(i−n)p0/(p0−1)
i′p0
i′∑
l=i
dn τn,l l
mp0−1n 2i−1
=
dn 2
(i−n)p0/(p0−1)
i′p0
i′∑
l=i
2n−i+1 ⌊al⌋
≤ dn 2
((i−n)/(p0−1))+1
∑i′
l=1 al
i′p0
= 2‖δxn,i,j‖
p0
p0,
and hence λp0|Eλ(Mδxn,i,j )| ≤ 4‖δxn,i,j‖
p0
p0 uniformly in λ > 0 and xn,i,j ∈ Xτ . 
4. Second generation spaces
Now we construct some metric measure spaces (we add them to the class of the second
generation spaces defined in [2]) for which P cw = P
c
r = [1,∞), Pw = (p0,∞] and Pr =
[p0,∞] with any fixed p0 ∈ (1,∞). Let τ = (τn,i)n∈N, i=1,...,n be a fixed system of positive
integers satisfying
τn,i
2i−1
∈ N. Define
Yτ = {yn,i,j, y
◦
n,i,k, y
′
n,i,k : n ∈ N, i = 1, . . . , n, j = 1, . . . , 2
i−1, k = 1, . . . , τn,i},
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where all elements yn,i,j, y
◦
n,i,k, y
′
n,i,k are pairwise different. We use some auxiliary symbols
for certain subsets of Xτ : for n ∈ N,
Tn = {yn,i,j, y
◦
n,i,k, y
′
n,i,k : i = 1, . . . , n, j = 1, . . . , 2
i−1, k = 1, . . . , τn,i},
T ◦n = {y
◦
n,i,k : i = 1, . . . , n, k = 1, . . . , τn,i}, T
′
n = {y
′
n,i,k : i = 1, . . . , n, k = 1, . . . , τn,i},
for n ∈ N, i = 1, . . . , n,
T ◦n,i = {y
◦
n,i,k : k = 1, . . . , τn,i}, T
′
n,i = {y
′
n,i,k : k = 1, . . . , τn,i},
and for j = 1, . . . , 2i−1, 1 ≤ i ≤ i′ ≤ n, n ∈ N,
T ◦n,i′,i,j = {y
◦
n,i′,k : k ∈ (
j − 1
2i−1
τn,i′ ,
j
2i−1
τn,i′ ]}, T
′
n,i′,i,j = {y
′
n,i′,k : k ∈ (
j − 1
2i−1
τn,i′,
j
2i−1
τn,i′]}.
We define the metric ρ = ρτ on Yτ determining the distance between two different
elements x and y by the formula
ρ(x, y) =


1 if {x, y} = {yn,i,j, y
◦
n,i′,k} and x
◦
n,i′,k ∈ T
◦
n,i′,i,j,
1 if {x, y} ⊂ Tn \ (T
◦
n ∪ T
′
n),
1 if {x, y} = {y◦n,i′,k, y
′
n,i′,k},
2 in the other case.
Figure 2 shows a model of the space (Yτ , ρ) (with the convention as in Figure 1).
y1,1,1
y◦1,1,1 y
◦
1,1,τ1,1
...
y′1,1,1 y
′
1,1,τ1,1
...
y2,1,1
y◦2,1,1 y
◦
2,1,τ2,1
...
y′2,1,1 y
′
2,1,τ2,1
...
y2,2,1
y◦2,2,1 y
◦
2,2,τ2,2/2
...
y′2,2,1 y
′
2,2,τ2,2/2
...
y2,2,2
y◦2,2,τ2,2/2+1 y
◦
2,2,τ2,2
...
y′2,2,τ2,2/2+1 y
′
2,2,τ2,2
...
...
Figure 2.
Note that we can explicitly describe any ball: for n ∈ N, i = 1, . . . , n, j = 1, . . . , 2i−1,
B(yn,i,j, r) =


{yn,i,j} for 0 < r ≤ 1,(
Tn \ (T
◦
n ∪ T
′
n)
)
∪
⋃
i′≥i T
◦
n,i′,i,j for 1 < r ≤ 2,
Yτ for 2 < r,
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and for n ∈ N, i′ = 1, . . . , n, k = 1, . . . , τn,i,
B(y◦n,i′,k, r) =


{y◦n,i′,k} for 0 < r ≤ 1,
{y◦n,i′,k, y
′
n,i′,k} ∪ {yn,i,j : y
◦
n,i′,k ∈ T
◦
n,i′,i,j} for 1 < r ≤ 2,
Yτ for 2 < r,
and
B(y′n,i′,k, r) =


{y′n,i′,k} for 0 < r ≤ 1,
{y◦n,i′,k, y
′
n,i′,k} for 1 < r ≤ 2,
Yτ for 2 < r.
We define the measure µ = µτ,F,G,m on Yτ by letting µ({yn,i,j}) = dnF (n, i), µ({y
◦
n,i,j}) =
dnG(n), µ({x
′
n,i,j}) = dnmni, where 0 < F ≤ 1 and 0 < G ≤ 1/
∑n
i=1 τn,i are given
functions, m = (mn)n∈N is a sequence satisfying mn ≥ 2
n and finally d = (dn)n∈N is a
sequence with d1 = 1 and dn chosen (uniquely for fixed F , G and m) in such a way that
µ(Tn) = µ(Tn−1)/2, n ≥ 2.
Now let p0 ∈ (1,∞), and consider Yp0 = (Yτ , ρ, µ), with a construction based on m,
τ , F defined as in Section 3 and G(n) = 2(1−n)/(p0−1)/
∑n
i=1 τn,i. Observe that we have
|{y}| ≥ dnmn ≥ dn2
n ≥ |Tn \ T
′
n| for any y ∈ T
′
n. Moreover, we have |{y}| ≥ |T
◦
n | for any
y ∈ Tn \ (T
◦
n ∪ T
′
n).
Proposition 3. Fix p0 ∈ (1,∞) and let Yp0 be the metric measure space defined above.
Then the associated centered maximal operator M c is of strong type (1, 1) while the non-
centered M is not of weak type (p0, p0), but is of restricted weak type (p0, p0).
Proof. First we show that M c is of strong type (1, 1). Let f ∈ ℓ1(Yˆp0), f ≥ 0. We use
the estimate: for n ∈ N, i = 1, . . . , n, j = 1, . . . , 2i−1,
Mf(yn,i,j) ≤ f(yn,i,j) + 2ATn\T ′n(f) + AYτ (f),
and for n ∈ N, i′ = 1, . . . , n, k = 1, . . . , τn,i,
Mf(y◦n,i′,k) ≤ f(y
◦
n,i′,k) + sup
y∈Tn\T ◦n
f(y) + AYτ (f),
and
Mf(y′n,i′,k) ≤ f(y
′
n,i′,k) + A{y◦n,i′,k,y
′
n,i′,k
}(f) + AYτ (f).
Observe that ∑
n∈N
2ATn\T ′n(f) · |Tn \ (T
◦
n ∪ T
′
n)| ≤ 2‖f‖1,
and ∑
n∈N
n∑
i′=1
τn,i∑
k=1
A{y◦
n,i′ ,k
,y′
n,i′,k
} · |{y
′
n,i′,k}| ≤ ‖f‖1.
Moreover, since |{y}| ≥ |T ◦n | for any y ∈ Tn \ T
◦
n , we have∑
n∈N
n∑
i′=1
τn,i∑
k=1
sup
y∈Tn\T ◦n
f(y) · |{y◦n,i′,k}| ≤
∑
n∈N
sup
y∈Tn\T ◦n
(
f(y) · |{y}|
)
≤ ‖f‖1,
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and hence we obtain ‖Mf‖1 ≤ 6‖f‖1.
In the next step we show that M is not of weak type (p0, p0). Indeed, let fn =∑n
i=1
∑2i−1
j=1 2
(n−i)/(p0−1)δyn,i,j , n ≥ 1. Then ‖fn‖
p0
p0 = 2
n−1ndn and
Mfn(y
′
n,i′,k) ≥ AB(y◦n,i′ ,k,3/2)(fn) ≥
i′dn
2|{y′n,i′,k}|
=
1
2mn
,
for any y′n,i′,k ∈ T
′
n. This implies that |E1/(4mn)(Mfn)| ≥ |T
′
n| and hence
lim sup
n→∞
‖Mfn‖
p0
p0,∞
‖fn‖
p0
p0
≥ lim
n→∞
∑n
i=1 τn,i i dnmn
dn n 2n−1 (4mn)p0
= 21−2p0 lim
n→∞
∑n
i=1 τn,i i
nmp0−1n 2n
= 21−2p0 lim
n→∞
∑n
i=1 ⌊ai⌋
n
≥ 2−2p0 lim
n→∞
np0−1 =∞.
In the last step we show that M is of restricted weak type (p0, p0). Arguing similarly
as in the proof of Proposition 1 we observe that it suffices to show that
(3) λp0|Eλ(MχU )| . ‖χU‖
p0
p0
uniformly in λ > 0, ∅ 6= U ⊂ Tn, n ∈ N. Fix n ∈ N and let f = χU for some U ⊂ Tn.
Write f = χU◦∪U ′+
∑
y∈U\(U◦∪U ′) δy, where U
◦ = U ∩T ◦n and U
′ = U ∩T ′n. For any y0 ∈ Tn
we have the estimate
Mf(y0) ≤ max{AYτ (f), 3MχU\(U◦∪U ′)(y0), 3MχU◦(y0), 3MχU ′(y0)},
and hence it suffices to show that (3) holds uniformly in λ > 0 (and n ∈ N) for U being
a subset of Tn \ (T
◦
n ∪ T
′
n), T
◦
n or T
′
n. Moreover, note that any ball Br with Br ∩ T
′
n 6= ∅
and r < 2 is a subset of Tn and for a fixed i ∈ {1, . . . , n} it contains at most one of the
points {yn,i,j : j = 1, . . . , 2
i−1}. This implies that for y0 ∈ T
′
n we have
Mf(y0) ≤ max{AYτ (f), 3MχU◦(y0), 3MχU ′(y0), 3C max
y∈U\(U◦∪U ′)
{Mδy(y0)}},
with C =
∑∞
i=0 2
−i(p0−1). Recall that |{y}| ≥ dnmn ≥ dn2
n ≥ |Tn \ T
′
n| for any y ∈ T
′
n.
Combining these two observations we conclude that if Eλ(Mf) ∩ T
′
n 6= ∅, then it suffices
to show that (3) holds uniformly in λ > 0 (and n ∈ N) for U ⊂ T ′n, U ⊂ T
◦
n , or
U = {y} ⊂ Tn \ (T
◦
n ∪ T
′
n).
With this conclusion consider first f = χU such that U ⊂ Tn \ (T
◦
n ∪ T
′
n) and λ > 0
such that AYτ (f) ≤ λ < 1. We have one of the two possibilities: Eλ(Mf) ∩ T
′
n = ∅ or
Eλ(Mf) ∩ T
′
n 6= ∅. If Eλ(Mf) ∩ T
′
n 6= ∅, then, without any loss of generality, we can take
U = {yn,i,j}. For any y
′
n,i′,k ∈ T
′
n,i′,i,j we have the estimate
Mδyn,i,j (y
′
n,i′,k) = AB(y◦n,i′ ,k,3/2)(δyn,i,j ) ≤
2(i−n)/(p0−1)
mn i′
,
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while Mδyn,i,j (y) = AYτ (δyn,i,j ) for y ∈ T
′
n \
⋃n
i′=i T
′
n,i′,i,j. For any i
′ ∈ {i, . . . , n} we obtain
(2(i−n)/(p0−1)
mn i′
)p0 i′∑
l=i
|T ′n,l,i,j| =
2(i−n)p0/(p0−1)
(mn i′)p0
i′∑
l=i
|T ′n,l|
2i−1
=
2(i−n)p0/(p0−1)
i′p0
i′∑
l=i
dn τn,l l
mp0−1n 2i−1
=
dn 2
(i−n)p0/(p0−1)
i′p0
i′∑
l=i
2n−i+1 ⌊al⌋
≤ dn 2
((i−n)/(p0−1))+1
∑i′
l=1 al
i′p0
= 2‖δyn,i,j‖
p0
p0 ,
and hence λp0|Eλ(Mδyn,i,j )| ≤ 4‖δyn,i,j‖
p0
p0. Therefore, consider the case Eλ(Mf)∩ T
′
n = ∅.
Since Eλ(Mf) ∩ Tn \ (T
◦
n ∪ T
′
n) 6= ∅, we have |Eλ(Mf)| ≤ 2|Eλ(Mf) ∩ Tn \ (T
◦
n ∪ T
′
n)|. If
λ ≤ ATn\(T ◦n∪T ′n)(f), then
λp0|Eλ(Mf)| ≤ 2λ
p0|Eλ(Mf) ∩ Tn \ (T
◦
n ∪ T
′
n)| ≤ 2‖f‖
p0
p0.
Otherwise, let λ > ATn\(T ◦n∪T ′n)(f) and fix y ∈ Eλ(Mf)∩ Tn \ (T
◦
n ∪ T
′
n). Observe that the
volume of each ball Br such that y ∈ Br and r > 1, is greater than |Tn \ (T
◦
n ∪ T
′
n)| and
hence ABr(f) ≤ λ. This implies that y ∈ U and therefore
λp0 |Eλ(Mf)| ≤ 2|Eλ(Mf) ∩ Tn \ (T
◦
n ∪ T
′
n)| = 2‖f‖
p0
p0
.
Next, consider f = χU such that U ⊂ T
′
n and λ > 0 such that AYτ (f) ≤ λ < 1. Then
Eλ(Mf) ⊂ Tn and, since Eλ(Mf)∩T
′
n 6= ∅, we have |Eλ(Mf)| ≤ 2|Eλ(Mf)∩T
′
n|. Observe
that there is no ball B ⊂ Tn which contains two different points from T
′
n. Therefore, if
y ∈ Eλ(Mf) ∩ T
′
n, then y ∈ U and hence λ
p0|Eλ(Mf)| ≤ 2λ
p0|Eλ(Mf) ∩ T
′
n| ≤ 2‖f‖
p0
p0.
Lastly, consider f = χU such that U ⊂ T
◦
n and λ > 0 such that AYτ (f) ≤ λ < 1.
Assume that Eλ(Mf) ∩ T
′
n 6= ∅. If y
′
n,i′,k ∈ Eλ(Mf) ∩ T
′
n, then y
◦
n,i′,k ∈ U and λ <
Mf(y′n,i′,k) = AB(y′n,i′ ,k,3/2)(f) ≤ |{y
◦
n,i′,k}|/|{y
′
n,i′,k}|. Therefore we obtain
λp0 |Eλ(Mf)| ≤ 2λ
p0|Eλ(Mf) ∩ T
′
n| ≤ 2‖f‖
p0
p0
.
On the other hand, assume that Eλ(Mf) ⊂ Tn \ T
′
n and Eλ(Mf) 6⊂ T
◦
n . Hence we have
|Eλ(Mf)| ≤ 2|Eλ(Mf) ∩ Tn \ (T
◦
n ∪ T
′
n)|. Moreover, the volume of any ball containing
points x and y such that x ∈ Tn \ (T
◦
n ∪ T
′
n) and y ∈ T
◦
n , is greater than |Tn \ (T
◦
n ∪ T
′
n)|.
Therefore, if y ∈ Eλ(Mf) ∩ Tn \ (T
◦
n ∪ T
′
n), then λ < Mf(y) < ‖f‖1/|Tn \ (T
◦
n ∪ T
′
n)|, and
using the similar argument as before we obtain λp0|Eλ(Mf)| ≤ 2‖f‖
p0
p0
. Finally, assume
the last case which is Eλ(Mf) ⊂ T
◦
n . Because there is no ball B ⊂ T
◦
n which contains two
different points from T ◦n , then Eλ(Mf) = U and therefore λ
p0 |Eλ(Mf)| ≤ ‖f‖
p0
p0
. 
5. Proof of Theorem 1
The specific technique used to construct all spaces discussed earlier in this paper and
in [2] ensures that the possible interactions between the different branches are completely
meaningless while studying the existence of the restricted weak, weak and strong type
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inequalities. This fact plays a crucial role in the proof of Theorem 1, where we want to
obtain a wider spectrum of possible behaviours of M c and M by a suitable mixing of the
first and second generation spaces. We will explain this idea in detail shortly.
Proof of Theorem 1. We consider only two cases. If the equalities P cw = P
c
r and Pw = Pr
hold, then the expected space may be chosen in such a way as it was done in [2] for the
sets P cs , P
c
w, Ps, and Pw. Assume that the opposite is true. Note that in this case Ps must
be a proper subset of [1,∞]. We can find a space X = (X, ρX , µX) of first generation for
which
P cs (X) = Ps(X) = P
c
s , P
c
w(X) = Pw(X) = P
c
w, P
c
r (X) = Pr(X) = P
c
r ,
hold (if P cw = P
c
r , then the desired space is one of the spaces described in Section 2
in [2]; otherwise, if P cw 6= P
c
r , then the conditions (i) − (iii) imply that P
c
w = (p0,∞]
and P cr = [p0,∞] for some p0 ∈ (1,∞) and hence the desired space is one of the spaces
described in Section 3 in this paper). Similarly, regardless of the possibilities, Pw = Pr or
Pw 6= Pr, we can find a space Y = (Y, ρY , µY ) of second generation for which
P cs (Y) = P
c
w(Y) = P
c
r (Y) = [1,∞], Ps(Y) = Ps, Pw(Y) = Pw, Pr(Y) = Pr.
Using X and Y and assuming that X ∩ Y = ∅ we construct the space Z = (Z, ρZ , µZ)
as follows. Denote Z = X ∪ Y . We define the metric ρZ on Z by
ρZ(x, y) =


ρX(x, y) if {x, y} ⊂ X,
ρY (x, y) if {x, y} ⊂ Y,
2 in the other case,
and the measure µZ on Z by
µZ(E) = µX(E ∩X) + µY (E ∩ Y ), E ⊂ Z.
It can easily be shown that Z has the following properties
• P cs (Z) = P
c
s (X) ∩ P
c
s (Y) = P
c
s ∩ [1,∞] = P
c
s ,
• P cw(Z) = P
c
w(X) ∩ P
c
w(Y) = P
c
w ∩ [1,∞] = P
c
w,
• P cr (Z) = P
c
r (X) ∩ P
c
r (Y) = P
c
r ∩ [1,∞] = P
c
r ,
• Ps(Z) = Ps(X) ∩ Ps(Y) = P
c
s ∩ Ps = Ps,
• Pw(Z) = Pw(X) ∩ Pw(Y) = P
c
w ∩ Pw = Pw,
• Pr(Z) = Pr(X) ∩ Pr(Y) = P
c
r ∩ Pr = Pr,
and therefore Z may be chosen to be the expected space. Finally, it is not hard to see
that µZ is non-doubling, since it is bounded and there is a ball B in Z with radius r = 1
and |B| < ǫ for any arbitrarily small ǫ > 0. 
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